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Alinhac [1] Geometric blowup ([3])
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2 Blowup system
$L(u)= \partial_{t}^{2}u-\triangle u+\sum_{i,j,k=0}^{2}g_{ij}^{k}u_{k}u_{ij}=0$ in $\mathrm{R}^{2}\mathrm{x}(0, \infty)$ , (1)
$u(x, \mathrm{O})=\epsilon\varphi(x)$ , $\partial_{t}u(x, \mathrm{O})=\epsilon\psi(x)$ in $\mathrm{R}^{2}$ . (2)
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$u_{k}=\partial u/\partial x\iota.$ , uij=\partial 2u/ xj $(x_{0}=t)$ $g_{ij}^{k}$. $g_{ij}^{k}=g_{ji}^{k}$. $\epsilon$
$\mathrm{A}$ ‘ $\varphi(x),$ $\psi(x)\in C_{0}^{\infty}(\mathrm{R}^{2}),$ $\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}\{\varphi, \psi\}\subset\{x:|x|\leq M\}$
$X=$ $(X_{0}, X1, X_{2})\in \mathrm{R}^{3}$ $g(X)= \sum_{i,j,k=0}^{2}$ gikjXiXjX
$X_{0}^{2}=X_{1}^{2}+X_{2}^{2}$ $g(X)\not\equiv 0$ $\mathfrak{l}\mathrm{J}$ $t,$ $=C\epsilon^{-2}$
$u$ 2 Alinhac [1]
Alinhac Blowup system
$(x, t)\in \mathrm{R}^{2}\cross[0, \infty)$
$\sigma=|$x$|-t,$ $\omega=\frac{x}{|x|}$ , $\tau=\epsilon\sqrt{t}$
$(\sigma, \omega, \tau)\in \mathrm{R}\mathrm{x}S^{1}\mathrm{x}$ $[0, \infty)$ $u(x, t)=\epsilon|x|^{-1/2}G(\sigma\omega, \tau)$
(1) 1 $G$
$\frac{|x|}{\epsilon^{2}}L(u)=P(G)=\sum_{i,j=1}^{3}p_{i}$X$\sigma$ , $\omega$ , $\tau$, $G,$ $\nabla$G)a$\partial_{j}G+q(\sigma, \omega, \tau, G, \nabla G)=0$ (3)
$\nabla G=$ ( $\partial_{1}G,$ $\partial$2G, $\partial_{3}G$) $=$ ( $\partial_{\sigma}G$, $\partial_{\omega}G,$ $\partial$\mbox{\boldmath $\tau$}G)
$\phi$(s, $\omega$ , $\tau$ ) $=\sigma$
$w(s, \omega, \tau)$ $=$ $G(\phi(s,\omega, \tau), \omega, \tau)$
$v(s,\omega, \tau)$ $=\partial_{\sigma}$G($\psi$ (s, $\omega$ , $\tau$), $\omega$ , $\tau$)
(3) $\mathcal{E}(\phi, w, v),$ $\mathcal{R}(\phi, w, v)$








$(\phi, w, v)$ $D=$ { $(s,$ $\omega,$ $\tau)$ : $-\infty<s\leq M,$ $\omega$ \in S1, $0\leq\tau<\tau_{\epsilon}$ }
(1) (2) $\mathrm{R}^{2}\cross[0, \tau_{e,\vee}^{2}\epsilon^{-2})$
Alinhac Blowup system Blo p system
$s\emptyset(S, \omega, \tau)\geq 0$ in $D$ ,
$\exists M\in\overline{D}\cap$ $\{\tau=\tau_{\epsilon}\}$ $\mathrm{s}$ .t. $\partial_{\mathit{8}}\phi$(s, $\omega$ , $\tau$) $=0$ $\Leftrightarrow$ $(s, \omega, \tau)=M$, (5)
$\partial_{\epsilon}\partial_{\tau}\phi(M)<$ O, $\partial_{s}^{2}\phi(M)=\partial_{s}\partial_{\omega}\phi(M)=0$, $\partial_{s,\omega}^{2}\partial_{s}\phi(M)>0$
(5) $(\phi, w, v)$ . $\partial_{s}v=\partial_{\sigma}^{2}G\partial_{\mathit{8}}\phi$
(5) $\partial_{\sigma}^{2}G(M)=\infty$ $\mathrm{I}\mathrm{J}$ $t=t_{\epsilon}$ $u$ 2
(1) (2)
(5) Blowup system




$U_{0}$ (5) (6) $\epsilon=0$
$\Phi_{\epsilon}(U_{0})=-f$ (\approx 0) (6)
$\Phi_{\epsilon}(U)=\Phi_{\epsilon}(0)+f(7)$
$U_{0}$ $f$ (7) $U_{\mathit{0}}$
Nash-Moser
3
$C^{\infty}$ $D$ $u_{\mathrm{O}}\in C^{\infty}(D, \mathrm{R}^{p})$ $(p\in \mathrm{N})$
$\mu>0$ $H^{\mu}$ $V$
$V$
$\Phi$ : $Varrow C^{\infty}(D, \mathrm{R}^{q})$
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$(q\in \mathrm{N})$ $\Phi$ 2 (A) (B)




$||\Phi’’$ (u) $(v_{1}, v_{2})||_{s}$ $\leq$ $C\{||v_{1}||_{a}||v_{2}||_{a}(1+||u||_{\mathit{8}+b})+$





$\Phi’’(u)$ (vl, $v_{2}$) $=$ $\frac{\partial}{\partial t}\frac{\partial}{\partial s}\Phi(u+sv_{1}+tv_{2})|_{t=s=0}$
(B) $u\in V$ $g\in C^{\infty}$ ($D,$ $\mathrm{R}$q)
$\Phi’(u)v=g$
$v\in C^{\infty}$ ( $D,$ $\mathrm{R}$p) $d,$ $\lambda\geq 0$
$||v||_{\mathit{8}}\leq C\{||g||_{s+\lambda}+||g||_{\lambda}(1+||u||_{d+s})\}$ $(s\geq 0)$ (9)
1 (Nash-Moser ) $\Phi$ (A) (B)
$\alpha>$ max$\{ \mu, \lambda+a +c, a+\frac{1}{2}(\lambda+b), 2a\}$ (10)
$\alpha$ $C^{\infty}$ ( $D,$ $\mathrm{R}$p) $H^{\lambda+\alpha}$




( 1) $u\in V\cap H^{\alpha}$ (11) $\{u_{j}\}_{j=1}^{\infty}\in V\cap H^{\alpha}$
$\rho>0$ $arrow\infty$
$||$uj-u$||_{\alpha-},$ $arrow 0,$ $||\Phi$ (u$j$ ) $-\Phi(u)-f||_{\alpha+\lambda-\rho}arrow 0$
( 2) (A) (B)
$\Phi$ (A)
(B) 1 1






Nash [4] Smoothing operator
1 $\alpha>0$ $\theta>0$ $S_{\theta}$ : $H^{\alpha}arrow$
$C^{\infty}\cap H^{\infty}$
$||$S$\theta$u$||_{\beta}$ $\leq$ $C||u||_{\alpha}$ , $\beta\leq\alpha$ (12)
$||$Seu $||_{\beta}$ $\leq$ $C\theta^{\beta-\alpha}||u||_{\alpha}$ , $\beta\geq\alpha$ (13)
$||u-S_{\theta}u||_{\beta}$ $\leq$ $C\theta^{\beta-\alpha}||u||_{\alpha}$ , $\beta\leq\alpha$ (14)
$|| \frac{d}{d\theta}S_{\theta}u||_{\beta}$ $\leq$
$C\theta^{\beta-\alpha-1}||u||_{\alpha}$ , \beta . (15)
(11) $\theta$ .$u$ regularity
$S_{\theta}$ [1]
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$n\in \mathrm{N}$ $\theta_{n}=(\theta^{\frac{1}{0^{\epsilon}}}+n)^{\epsilon}(\theta_{0}>>1)$ \emptyset $ \frac{\sim}{}$ $S_{n}=S_{\theta_{n}}$
$\theta_{l1}$ $\epsilon>0$
$\theta_{n+1}-\theta$\sim
$\epsilon\theta$A$- \frac{1}{e}$ $(1+O(\theta\sim))$ ,
$narrow\infty$
$\theta_{0}<\theta_{1}<\theta_{2}<\cdots<\theta_{n}arrow\infty$ $\overline{\theta}_{n}=\theta_{n+1}-\theta_{n}arrow 0$. (16)




$g_{n}$ $=$ $(S_{n}-S_{n-1})f-(5n-Sn-1)$ $. \sum_{k=0}^{n-1}e_{k}-S_{n-1}e_{n-1}$ (18)
$e_{k}$ $=e_{k}’+e_{k}’’=\Phi(uk+1)$ $-\Phi$ (u$k$ ) $-\Phi’$ (uk) $\overline{u}$k
$+$ ( $\Phi’(uk)-\Phi’$ (uk-1)) $\overline{u}$k. (19)
$u_{n}$
1 $\alpha>0$ 1 $\alpha<\tilde{\alpha}$ $\tilde{\alpha}$ $n\in \mathrm{N}$
$(H_{n})$
$(H_{n})$ $0\leq k\leq n$ , $s$ \in $[0,\tilde{\alpha}]$ $||\overline{u}_{k}||_{\epsilon}\leq\delta\overline{\theta}_{k}.\theta_{k}^{\mathit{8}-\alpha-1}$.
$\delta>0$ $\tilde{\alpha}>0$ $n\in \mathrm{N}$
$(H_{n})$
$u_{n+1}=u_{0}+ \sum_{k\triangleleft-}^{n}.\overline{u}_{k}$ $(H_{n})$ (10)






$u_{n+1}$ , $S_{n+1}u_{n+1}\in V$
$H^{\mu-\rho}(\rho>0)$
$g_{n}$
$\Phi$(u$n+1$ ) $-\Phi$ (u$n$ ) $=e_{n}+g_{n}$ ,
$\Phi$ (u $+1$ ) $-\Phi$(u) $=. \sum_{k=0}^{n}(ek+gk)$




1 : $n$ $(H_{n})$
$(H_{n+1})$ (9) $s\in[0, \alpha\tilde]$
$||\overline{\theta}_{n+1}||_{s}\leq C\{||g_{n+1}||_{s+\lambda}+||g_{n+1}||_{\lambda}(1+||S_{n}u_{n}||_{\epsilon+d})\}$
1 (18)
$||$g$n+1$ $||_{s+\lambda} \leq C(||(S_{n+1}-S_{n})f||_{s+\lambda}+.\sum_{k=0}^{n}||(S_{n+1}-S_{n})e_{k}!|_{s+\lambda}+S_{n}e_{n})$ .
3 $S_{n}e_{n}$ $S_{n}e_{k}’’$ (8) 1
$||S_{n}e_{n}’’||_{\epsilon+\lambda}$ $\leq$ $C||e_{n}’’||_{s+\lambda}$
$=$ C||(\Phi ’(un)-\Phi ’(Snun))- ||8+\lambda
$=C|| \int_{0}^{1}\frac{d}{dt}$ (\Phi ’(Snu +t$(u-S_{n}u_{n})$ ) ) $dt||_{s+\lambda}$
$C \sup_{0\leq t\leq 1}||\Phi$”(Snun+t(u $-S_{n}u_{n}$))(- , u -Snu ) $ll\epsilon+\lambda$ (22)
$\leq$








|| ||\mbox{\boldmath $\alpha$}’ $\leq C$
$\theta_{0}$
$||$S$n$ e/’ $||_{s+\lambda}$ $\leq$ $C\delta\theta_{n}^{s-a-1}\theta_{0}^{\lambda+c+a-\alpha’}$
$\leq$ $\delta\theta_{n}^{\epsilon-\alpha-1}$
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